In this paper, we introduce a new data freshness metric, relative Age of Information (rAoI), and examine it in a single server system with various packet management schemes. The (classical) AoI metric was introduced to measure the end to end freshness of status updates at the receiver with respect to their generation at the source. In order to understand the efficiency of the update delivery system in isolation, we introduce rAoI metric to measure how fresh the data is at the receiver with respect to the data at the transmitter. This metric introduces an explicit dependence on the arrival process in the evaluation of age. We investigate several queuing disciplines and provide closed form expressions for rAoI and numerical comparisons.
I. INTRODUCTION
The timeliness of the available information arriving to or departing from interested nodes is a critical parameter in the operation of various modern communication network applications in the Internet-of-Things (IoT). Examples include a scheduler that uses time-sensitive state information from surrounding nodes, a cognitive mobile access point that utilizes channel state information for efficient transmissions in fading scenarios, and vehicular communication nodes that determine the routes of remotely controlled vehicles. Age of Information (AoI) metric, and more generally its moments and functions, have been used to measure the freshness of available information at a receiving node in such status update systems. AoI provides suitable frameworks to analyze the timeliness of information in such applications; see [1] - [16] .
A status update packet travels through potentially multiple nodes starting from its generation up until its reception at its destination in multi-hop systems [11] - [13] . The classical definition of status update age, i.e., AoI is the time elapsed since the last received update was generated. This metric naturally measures end to end performance of the system starting from its generation. In contrast, there may be uncertainty on which node throughout the path the time stamp is put and it could be desirable to understand the efficiency of the update delivery performance of each node in isolation. To this end, in this paper, we introduce a new data freshness metric for a pointto-point system as in Fig. 1 , which we term relative Age of Information (rAoI). For this system, the rAoI metric is simply the AoI observed at the receiver Rx relative to the AoI at the transmitter Tx. In other words, the rAoI measures how far behind the update at the receiver is with respect to the fresh update at the transmitter. We are particularly motivated by sensor network applications where update packet generation is independent of and oblivious to the transmission process. In this case, the packet generation and communication processes are naturally decoupled and it is desirable to understand the efficiency of the transmitter in isolation subject to random arrivals. The time reference is not absolute with respect to update generation time but it is relative to arrival events. As such, an update at the receiver becomes stale only after a new update arrives to the transmitter, and arrival events directly impact the evolution of age at the receiving end.
In the recent literature, there have been attempts to define metrics that are related to AoI such as [14] , [15] . Non-linear age and value of information are introduced in [14] . These metrics allow non-linear growth of age with time and the drop in the age at the event of completion of service is also addressed. In [15] , a new metric for freshness of cached information is introduced, namely age of synchronization, and it is compared with AoI in the context of cache freshness. Age of synchronization measures the time difference between the current time and the last time the most recent generated update is fetched. Earlier papers, such as [2] , [3] , consider packet management and provide insights into reducing AoI by discarding packets with longer age in the queuing phase. Still, none of the earlier works exclusively examine the critical role of the arrival process in designing AoI metrics.
In this paper, we investigate the moments of rAoI where stochastically generated updates arrive according to a Poisson process and the time it takes for a packet to be transmitted has a general distribution. We consider M/GI/1 with preemption, M/GI/1/1 and M/GI/1/2 * queuing disciplines compatible with Kendall notation (see, e.g., [2] , [5] ). Common to these schemes is that the updates arrive to the transmitter according to a Poisson process, and the time it takes for a packet to be transmitted is a random variable that has a general distribution, is independent over time and independent of other events in the system. Additionally, at most one buffer is available and a packet under service may or may not be preempted when a new update arrives. We perform stationary distribution analysis to obtain expressions for moments of rAoI and provide numerical results for various system parameters.
II. THE MODEL AND RAOI METRIC
We consider a point-to-point communication system with a single transmitter (Tx) and a single receiver (Rx). The status update packets arrive at the transmitter according to a Poisson process with arrival rate λ. The transmitter node transmits the status update packets one at a time. The time for a packet to be served has a general distribution f S (s), s ≥ 0, independent of other system variables and independent over time. Corresponding to the general distribution, we have
, the moment generating function of the service distribution at −γ for γ ≥ 0.
We let t i denote the time stamp of the event that packet i enters the queue, and t i the time stamp of the event that the packet i (if selected for service) is delivered to the receiver. We also denote the inter-arrival time between t i and t i+1 as X i , which is an independent exponentially distributed random process. The instantaneous Age of Information (AoI) at the receiver (transmitter) is the difference of the current time and the time stamp of the latest delivered packet at the receiver (latest arriving packet at the transmitter):
where u R (t) and u T (t) are the time stamps of the latest received packet by the receiver and the latest arriving packet at the transmitter, respectively, at time t. We can express u T (t) = max{t i : t i ≤ t} and u R (t) = t i * where i * = max{i : t i ≤ t}. The classical AoI is ∆ R (t). The relative Age of Information (rAoI) at time t is
Γ(t) measures the freshness of the update available at the receiver with respect to the transmitter. As packet generation is oblivious to the transmitter state, it is naturally decoupled from the communication process. Γ(t) measures the transmitter's performance in enabling the receiver obtain the most recent update in a timely manner. We illustrate the evolution of rAoI in Fig. 2 . ∆ T (t) is represented as the lower sawtooth curve that increases linearly with time and drops to zero at each arrival instant. ∆ R (t) is the uppermost curve that increases linearly in between service completion instants. The difference of these two curves represents the evolution of Γ(t). The dotted curve in Fig. 2 shows clearly that the Γ(t) curve samples the classical AoI ∆ R (t) at each arrival instant. Then, depending on whether there is a service completion in the next inter-arrival interval, Γ(t) either remains constant or drops to a certain value according to the state of the system. We will make use of this fact in our evaluations coming up in the next section. Note that the dependence on the arrival process is reminiscent of the AoS metric in [15] . However, different from AoS, rAoI makes a 
Evolutions of AoI at the receiver (∆ R ), transmitter (∆ T ) and rAoI (Γ) for a FCFS queue. Note that rAoI samples ∆ R at the instants of arrivals.
jump each time an arrival occurs, indicating that the receiver's update is behind the freshest update at the transmitter. Customary to the practice of evaluating the expected value of AoI metrics, we define the following useful quantity:
where k is the order of the moment of rAoI we wish to calculate. In Fig. 2 , Q i is illustrated for k = 1. Q i is the area under the Γ k (t) function between two packet arrivals in the form of sum of the areas under multiple rectangles. Due to the ergodicity of the system, the kth moment of rAoI is
From the evolution of rAoI in Fig. 2 and due to the PASTA property, we make the following observation: At this stage, we report that the sampling and moments in this work are reminiscent of those in the seminal paper [12] despite lack of direct mathematical and conceptual relations.
III. EVALUATING RAOI FOR QUEUING DISCIPLINES
In this section, we explore several queuing disciplines that have been addressed in the literature. We obtain general expressions for E[Γ k ] in terms of known expressions for E[∆ k R ] for general service distributions, and then evaluate specifically for first and second moments under exponential and deterministic service times. Before we start, we first note the following remark.
Remark 2
The first moment of Γ is simply equal to
A. M/GI/1 with Preemption
In this scheme, all incoming packets are given service right away and any packet in service is discarded. Let S i denote the service time for the incoming packet. Recall that X i is the time for the next arrival and it is independent of S i .
where ∆ R (t i ) is the sample of the classical AoI at t i . This equation holds due to the fact that the current packet is either discarded after X i time units if X i < S i or its service is finished after S i time units if X i ≥ S i . X i and S i are both independent of ∆ R (t i ) since AoI is determined by earlier events in the system. Observe that Γ(t) drops to zero in the
sP (X > s)f S (s)ds (7) Additionally, we can replace
to Remark 1. We have the following expression:
and
. We can use the kth moment expressions for ∆ R from [2] , [5] .
1) Exponential Service: Let us consider f S (s) = µe −µs , s ≥ 0. In this case, we have a memoryless service distribution and many expressions simplify. First, we note the moment generating function for S is:
Due to [5, Section A.2], we have the following for classical AoI:
Then, the first moment of rAoI is E[Γ] = λ+µ λµ − 1 λ = 1 µ and we express the second moment of rAoI as:
2) Deterministic Service: In this case, we set S = 1 µ with probability one for a deterministic variable µ. We have M GF
Then, we have the first moment as E[Γ] = e λ µ −1 λ and the second moment of rAoI is:
B. M/GI/1/1 We next consider M/GI/1/1 scheme (see, e.g., [16] ) without preemption, where there is no buffer space for queuing and a packet can enter the server only if it is idle. We provide detailed derivation of E[Γ k ] in [17] .
1) Exponential Service:
We now set f S (s) = µe −µs for s ≥ 0 and use the moment generating function expression in (9) . Due to [2, Eq. (21)], we have
Then, the first moment of rAoI is E[Γ] = 2λ 2 +λµ λµ(λ+µ) . The second moment of AoI can be obtained using the technique in [16, Theorem 1] in the following form:
where Y = X + S marginally, X is an inter-arrival time, Y i is independent of S i and λ e = 1 E[X]+E [S] . Working on the expression, we can then obtain
In the expression in (16), we plug E
We then combine the terms to obtain the following:
2) Deterministic Service: In this case, we set S = 1 µ and use the moment generating function M GF (S) γ = e − γ µ . Due to [16] , we have
Then, we have first moment of rAoI as E[Γ] = 3λ 2 +2λµ 2λµ(λ+µ) . To get the second moment, we use equation (16) and set E[S] = 1 µ , E[S 2 ] = 1 µ 2 and E[S 3 ] = 1 µ 3 with the same statistics for X. We combine all the terms to obtain the following:
C. M/GI/1/2 * We finally consider M/GI/1/2 * scheme (see M/M/1/2 * in [2] ) or equivalently non-preemptive last come first serve with discarding (see [5] ). In this scheme, we assume that a single space buffer is available for queuing. When the server is busy, the transmitter keeps the latest arriving update in the buffer and discards the previous updates. We provide the detailed derivations for E[Γ k ] in [17] .
We now consider f S (s) = µe −µs for s ≥ 0 and refer to the moment generating function expressions in (9) . Due to [2, Eq. (65)], we have
The first moment of rAoI is
We can get the second moment of AoI, E[∆ 2 R ], through the second derivative of Laplace-Stieltjes transform of the age in [5, Section A.3 ] and evaluating at s = 0. We use MATLAB symbolic tool to evaluate the second derivative. The resulting expression is in closed form and plotted easily with MATLAB. To obtain E[Q], we determine the variable K:
where f ζ (r) is the density function of residual service time for a packet and it is identical to f S (s) due to memoryless service. We take the derivative of [2, Eq. (59)] and negate it to obtain f T (t) = c 1 e −µt − c 2 e −(λ+µ)t where
λ 2 +λµ+µ 2 is the idle probability. We then combine the terms to obtain the following:
2) Deterministic Service: In this case, we consider S = 1 µ and refer to the moment generating function M GF 
where δ(t) is Dirac delta function and u(t) is the unit step function. We use this f T in calculating the variable K (see [17] ) and then we combine the terms as follows: 
IV. NUMERICAL RESULTS
In this section, we provide numerical results for the first and second moments of rAoI with respect to system parameters under exponential and deterministic service distributions. Note that in view of Remark 2 the variation of the first moment with respect to the service rate for fixed arrival rate is identical to that previously reported for AoI, except for an additional shift. Therefore, we pay special attention to fixed service rate and rAoI as a function of λ. In all numerical results, we performed packet-based queue simulations for 10 6 packets as verification and each time we observed the plots are compatible.
We start with Fig. 3 where we compare the first moments of AoI and rAoI under M/M/1 with no packet management for fixed µ = 1. We use [1, Eq. (17) ] to calculate E[∆ R ] and then use Remark 2 to get E[Γ]. The classical AoI is large for small λ because updates age significantly when they are not generated frequently. In contrast, rAoI is small for small λ (with a minimum at λ = 0) because it is easier for the receiver to synchronize with the update at the transmitter in this case and the age is essentially equal to the packet delay. As λ increases, rAoI monotonically increases and approaches the classical AoI and ∞ as queuing delays mount up.
We next move on to systems with limited buffering and packet management. We show in Fig. 4 the comparison among the first moments of AoI and rAoI with respect to λ for both M/M/1/1 and M/M/1/2 * . We observe that as λ grows to infinity, both rAoI and AoI converge as predicted analytically in Remark 2. It is interesting to note that the AoI monotonically decreases with λ whereas rAoI monotonically increases. For small λ, updates are delivered with small delays and as the rAoI measures the timeliness of delivering the updates to the receiver after they are generated, it remains small. The AoI, on the other hand, is large because it measures the time since the last update at the receiver. This captures the essential difference between the two metrics. The AoI captures the absolute age of status updates without considering the update generation frequency that may be appropriate for a particular source. The rAoI captures the efficiency of the update delivery system in isolation 1 . We also note the subtle difference between the two queuing systems. For small λ, both AoI and rAoI are smaller for M/M/1/2 * than for M/M/1/1 as the additional buffer space helps in improving the age of highly infrequent updates. As the arrival rate increases, M/M/1/1 becomes better by virtue of its lower system time for each packet served. We focus exclusively on rAoI from here on. In Fig. 5 , we plot the second moment of rAoI with varying λ for fixed µ = 1 for all the packet management and service time distributions we explored in this paper. We observe that the presence of preemption yields different outcomes in terms of E[Γ 2 ] for different service distributions. The second moment takes uniformly the smallest value under M/M/1 with preemption whereas the M/D/1 with preemption case yields a diverging second moment for rAoI. Additionally, as λ grows to infinity the point of convergence for M/M/1/1 (or M/D/1/1) is identical to M/M/1/2* (or M/D/1/2*). We also refer the reader to [17] for comparison of first moments.
V. CONCLUSIONS
In this paper, we introduce relative Age of Information (rAoI) metric and analyze it for various packet management schemes. This new metric aims to capture the efficiency of the update delivery in isolation subject to random arrivals. Relative with respect to the transmitter, a received update packet remains fresh until a new one arrives. The rAoI metric measures how fresh the data at the receiver is relative to the transmitter. We provide closed form expressions to calculate moments of rAoI from the moments of classical AoI, applicable to a wide range of service distributions with memoryless arrivals. In particular, we address M/GI/1 with preemption, M/GI/1/1 and M/GI/1/2 * cases. In the numerical results, we 1 We note that this may appear similar to packet delay, but delay for a given packet is not affected by later arrivals, whereas rAoI is updated for every arrival event. focus on memoryless exponential and deterministic service distributions. Our numerical results reveal several interesting behaviors of the first and second moments of rAoI with varying system load.
